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AROUND GENERAL NERON DESINGULARIZATION
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Abstract. It gives new forms of General Neron Desingularization and new ap-
plications.
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Introduction
M. Artin [2] proved that the convergent power series rings over C has the so called
today the Artin approximation property. Using Artin’s proof, Ploski [15] stated a
theorem in the idea of Neron desingularization [13]. This was the starting point of
our General Neron Desingularization (see Theorem 2). Later other types of such
theorems were published. One was conjectured by Artin [5] and solved positively
in [7] (see Theorem 5) using an idea of [6, Theorem 2.3]. Another one similarly to
the so called the strong Artin approximation property [20] (see Theorem 6), which
has an interesting consequence (see Corollary 8) studied in a special case in Section
2. Computing General Neron Desingularization with SINGULAR (see [8]) it was
necessary to use in [16] maps defined by formal power series but not in an explicit
way. This inspires us Theorem 10.
Let (A,m) be a discrete valuation ring, B a finite type A-algebra, Aˆ its completion
and v : B → A/m2c+1 an A-morphism, for a certain c ∈ N depending on B.
Then there exists an A-morphism v′ : B → Aˆ such that v′ ≡ v modulo m using
[16, Theorem 18] - a theorem similar to the Greenberg’s form of the strong Artin
approximation. Our Theorem 15 shows that the set of all A-morphisms B → Aˆ
lifting v is in bijection with an affine space over Aˆ. This could be useful in the theory
of arcs (see Corollary 16). The paper ends with an application of the General Neron
Desingularization to an extension of the Bass-Quillen Conjecture. More precisely,
if R is for example an equicharacteristic regular local ring and I ⊂ R[X ], X =
(X1, . . . , Xr) is a monomial ideal, then any finitely generated projective R[X ]/I-
module is free (see Theorem 20).
The support from the the project ID-PCE-2011-1023, granted by the Romanian National Au-
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1. A version of General Neron Desingularization in the idea of
Ploski
A ring morphism u : A→ A′ has regular fibers if for all prime ideals P ∈ SpecA
the ring A′/PA′ is a regular ring, i.e. its localizations are regular local rings. It
has geometrically regular fibers if for all prime ideals P ∈ SpecA and all finite field
extensions K of the fraction field of A/P the ring K ⊗A/P A
′/PA′ is regular. If
A ⊃ Q then regular fibers of u are geometrically regular. We call u regular if it is
flat and its fibers are geometrically regular. A Henselian local ring (A,m) is excellent
if it is Noetherian and the completion map A→ Aˆ is regular. A regular morphism
is smooth if it is finitely presented and it is essentially smooth if it is a localization
of a finitely presented morphism.
Theorem 1. (Ploski [15]) Let C{x}, x = (x1, . . . , xn), f = (f1, . . . , fs) be some
convergent power series from C{x, Y }, Y = (Y1, . . . , YN) and yˆ ∈ C[[x]]
N with
yˆ(0) = 0 be a solution of f = 0. Then the map v : B = C{x, Y }/(f)→ C[[x]] given
by Y → yˆ factors through an A-algebra of type B′ = C{x, Z} for some variables
Z = (Z1, . . . , Zs), that is v is a composite map B → B
′ → C[[x]].
This result shows a particular case of the following theorem in Krull dimen-
sion > 1, the case when A,A′ are DVR being given by the so called Ne´ron p-
desingularization [13], [3].
Theorem 2. (General Neron Desingularization, Popescu [17], [18], Andre [1], Swan
[24], Spivakovski [23]) Let u : A → A′ be a regular morphism of Noetherian rings
and B a finite type A-algebra. Then any A-morphism v : B → A′ factors through a
smooth A-algebra C, that is v is a composite A-morphism B → C → A′.
The following theorem is a consequence of Theorem 2 in the idea of Ploski (perhaps
it is already known but we couldn’t find a precise reference).
Theorem 3. Let (A,m) be an excellent Henselian local ring, Aˆ its completion, B
a finite type A-algebra and v : B → Aˆ an A-morphism. Then v factors through
an A-algebra of type A[Z]h for some variables Z = (Z1, . . . , Zs), where A[Z]
h is the
Henselization of A[Z](m,Z).
Proof. By Theorem 2 we see that v factors through a smooth A-algebra B′, let us say
v is the composite map B → B′
v′
−→ Aˆ. Using the local structure of smooth algebras
given by Grothendieck (see [24, Theorem 2.5]) we may assume that B′
v′−1(mAˆ)
is a
localization of a smooth A-algebra of type (A[Z, T ]/(g))g′h, where Z = (Z1, . . . , Zs),
g′ = ∂g/∂T . Then there exists h ∈ A[Z, T ] such that v′ factors through C =
(A[Z, T ]/(g))g′h let us say v
′ is the composite map B′ → C
w
−→ Aˆ.
Choose z0 ∈ A
N , t0 ∈ A, such that (z0, t0) ≡ (zˆ, tˆ) modulo mAˆ. Changing (Z, T )
by (Z−z0, T−to) in C we may suppose that w(Z), w(T ) are inmAˆ. Then w extends
to a map w′ : C ′ = (A[Z]h[T ]/(g))g′h → Aˆ and we have C
′ ∼= A[Z]h since C ′ is an
etale neighborhood of A[Z]h. 
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A Noetherian local ring (A,m) has the property of Artin approximation if the
solutions in A of every system of polynomial equations f over A is dense with
respect of the m-adic topology in the set of solutions of f in the completion Aˆ of A.
In fact (A,m) has the property of Artin approximation if and only if every system of
polynomial equations f over A has a solution in A if it has one in Aˆ. The following
theorem was conjectured by M. Artin in [4].
Theorem 4. (Popescu [17], [21]) An excellent Henselian local ring has the property
of Artin approximation.
This theorem follows easily from Theorem 2 using the Implicit Function Theo-
rem. But it is much easier to apply Theorem 3. Indeed, let (A,m) be an excellent
Henselian local ring, f = (f1, . . . , fr) some polynomials from A[Y ], Y = (Y1, . . . , YN)
and yˆ ∈ AˆN a solution of f = 0. We will show that f has a solution in A.
Set B = A[Y ]/(f) and v : B → Aˆ the map given by Y → yˆ. By Theorem
3 v factors through A[Z]h for some Z = (Z1, . . . , Zs), that is v is the composite
map B
t
−→ A[Z]h → Aˆ. Let α : A[Z]h → A[[Z]] be the canonical map and set
y = (αt)(Y + (f)). Then y(0) is a solution of f in A.
An extended form of Theorem 2 is the following theorem which is a positive answer
to a conjecture of M. Artin [5].
Theorem 5. (Cipu-Popescu [7]) Let u : A→ A′ be a regular morphism of Noether-
ian rings, B a finite type A-algebra, v : B → A′ an A-morphism and D ⊂ SpecB
the open smooth locus of B over A. Then there exist a smooth A-algebra C and two
A-morphisms t : B → C, w : C → A′ such that v = wt and C is smooth over B at
t∗−1(D), t∗ : SpecC → SpecB being induced by t.
Another type of General Neron Desingularization is the following theorem.
Theorem 6. (Popescu [20]) Let (A,m) be a Noetherian local ring with the com-
pletion map A → Aˆ regular. Then for every finite type A-algebra B there exists
a function λ : N → N such that for every positive integer c and every mor-
phism v : B → A/mλ(c) there exists a smooth A-algebra C and two A-algebra
morphisms t : B → C, w : C → A/mc such that wt is the composite map
B
v
−→ A/mλ(c) → A/mc.
Remark 7. The proof from [20] is not constructive and so it is not clear that λ
can be computed. On the other hand Aˆ has the so called the strong Artin ap-
proximation property (see [3], [14], [10], [17], [21]). Suppose that B = A[Y ]/(f),
Y = (Y1, . . . , Yn), f = (f1, . . . , fr) ∈ A[Y ]
r and let ν be the Artin function associated
to f considered over Aˆ. Next corollary relates somehow λ with ν.
Corollary 8. Let (A,m) be a Noetherian local ring with the completion map A→ Aˆ
regular, c ∈ N, B a finite type A-algebra and λ its function defined by Theorem 6.
Let g : B → Aˆ/mλ(c)Aˆ be an A-morphism. Then there exists a B-algebra C, which
is smooth over A, and an A-morphism w : C → Aˆ such that the composite map
B → C
w
−→ Aˆ coincides with g modulo mcAˆ. In particular, λ ≥ ν, the last map
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being the Artin function over Aˆ associated to the system of polynomials f defining
B. Moreover, for any A-morphism v : B → Aˆ congruent with g modulo mλ(c)Aˆ,
there exists an A-morphism w : C → Aˆ such that the composite map B → C
w
−→ Aˆ
coincides with v modulo mcAˆ.
Proof. Let λ be given by Theorem 6. Then there exists a B-algebra C which is
smooth over A and an A-morphism w˜ : C → A/mc such that the composite map
B → C
w˜
−→ Aˆ/mcAˆ coincides with g modulo mc. By the Implicit Function Theorem
w˜ can be lifted to an A-morphism w : C → Aˆ. Therefore, g coincides with the
composite map B → C
w
−→ Aˆ modulo mcAˆ. 
Remark 9. It will be nice to get above that v coincides with the composite map
B → C
w
−→ A′ because then C could be chosen independently on v but depending
on g (clearly, C can be replaced for example by a polynomial algebra over C and so
it is not unique). This is possible in a special case (see Theorem 10).
2. A special case of Corollary 8
Let A be a discrete valuation ring, x a local parameter of A, A′ = Aˆ its completion
and B = A[Y ]/I, Y = (Y1, . . . , Yn) a finite type A-algebra. If f = (f1, . . . , fr), r ≤ n
is a system of polynomials from I then we consider a r× r-minor M of the Jacobian
matrix (∂fi/∂Yj). Let c ∈ N. Suppose that there exist an A-morphism v : B →
A′/(x2c+1) and N ∈ ((f) : I) such that v(NM) 6∈ (x)c/(x2c+1), where for simplicity
we write v(NM) instead v(NM+I). We may assume thatM = det((∂fi/∂Yj)i,j∈[r]).
Theorem 10. Then there exists a B-algebra C which is smooth over A such that ev-
ery A-morphism v′ : B → A′ with v′ ≡ v modulo x2c+1 (that is v′(Y ) ≡ v(Y ) modulo
x2c+1) factors through C.
Proof. We follow somehow the proof of [16, Theorem 3] given in a more general
assumptions. Since A/(x2c+1) ∼= A′/(x2c+1) we may choose y′ ∈ An, such that
v(Y ) = y′+(x2c+1). Set P = NM and d = P (y′). Multiplying N by a certain power
of x we may suppose that dA = xcA.
Let H be the n × n-matrix obtained adding down to (∂f/∂Y ) as a border the
block (0|Idn−r) (we assume as above that M is given on the first r columns of the
Jacobian matrix). Let G′ be the adjoint matrix of H and G = NG′. We have
GH = HG = NMIdn = P Idn
and so
dIdn = P (y
′)Idn = G(y
′)H(y′).
Let
h = Y − y′ − dG(y′))T,
where T = (T1, . . . , Tn) are new variables. Since
Y − y′ ≡ dG(y′)T modulo h
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and
f(Y )− f(y′) ≡
∑
j
∂f/∂Yj(y
′)(Yj − y
′
j)
modulo higher order terms in Yj − y
′
j by Taylor’s formula we see that we have
f(Y )− f(y′) ≡
∑
j
d∂f/∂Yj(y
′)Gj(y
′)Tj + d
2Q =
dP (y′)T + d2Q = d2(T +Q) modulo h,
where Q ∈ T 2A[T ]r. This is because (∂f/∂Y )G = (P Idr|0). We have f(y
′) = d2a
for some a ∈ xAr. Set gi = ai + Ti + Qi, i ∈ [r] and E = A[Y, T ]/(I, g, h). Clearly,
it holds d2g ⊂ (f, h) and (f) ⊂ (h, g) .
Note that U = (A[T ]/(g))s is smooth for some s ∈ 1 + (T ) because the r × r-
minor of the Jacobian matrix (∂g/∂T ) given by the first r columns has the form
det(Idr + (∂Qi/∂Tj)i,j∈[r]). In particular, U is flat over A and so d is regular in U .
We claim that Ess′ ∼= Us′ for some s
′ ∈ 1 + (x, T ). It will be enough to show that
I ⊂ (h, g)A[Y, T ]ss′. We have PI ⊂ (f) ⊂ (h, g) and so P (y
′ + dL)I ⊂ (h, g) where
L = G(y′)T . But P (y′ + dL) has the form ds′ for some s′ ∈ 1 + (d, T ). It follows
that s′I ⊂ (h, g)A[Y, T ]s since d is regular in U and so I ⊂ (h, g)A[Y, T ]ss′. Thus
C = Ess′ is a B-algebra smooth over A.
Remains to see that an arbitraryA-morphism v′ : B → A′ with v′ ≡ v modulo x2c+1
factors through C. We have v′(Y ) ≡ v(Y ) ≡ y′ modulo x2c+1 and so there exists
ε ∈ xA′n such that v′(Y )− y′ = d2ε. Then t := H(y′)ε ∈ xA′n satisfies
G(y′)t = P (y′)ε = dε
and so
v′(Y )− y′ = dG(y′)t,
that is h(v′(Y ), t) = 0. Note that d2g(t) ∈ (h(v′(Y )), t), f(v′(Y ))) = (0) and it
follows that g(t) = 0 since A′ is a domain. Thus v′ factors through E, that is v′
is a composite map B → E
α
−→ A′, where α is a B-morphism given by T → t. As
α(s) ≡ 1 modulo x and α(s′) ≡ 1 modulo (x, t), t ∈ xA′ we see that α(s), α(s′) are
invertible because A′ is local and so α (thus v′) factors through the standard smooth
A-algebra C. 
Remark 11. In Theorem 10 always we get an A-morphism v′′ : B → A′ such that
v′′ ≡ v modulo m using a theorem of type Greenberg (see [9] and [16, Theorem 18])
but {v′ ∈ HomA(B,A
′) : v′ ≡ v modulo x2c+1} could be empty (here HomA(B,A
′)
denotes the set of all A-morphisms B → A′).
Corollary 12. In the assumptions and notations of the above theorem, let ρ :
B → C be the structural algebra map. Then ρ induces a bijection ρ∗ between {w ∈
HomA(C,A
′) : wρ ≡ v modulo x2c+1} and {v′ ∈ HomA(B,A
′) : v′ ≡ v modulo x2c+1}
given by ρ∗(w) = wρ.
Proof. By the above theorem ρ∗ is surjective. Let w,w′ ∈ HomA(C,A
′) be such that
wρ = w′ρ ≡ v modulo x2c+1. Since H(y′)(Y − y′) ≡ x2cT modulo h by construction
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of E we get x2c(w(T ) − w′(T )) = 0 and so w|E = w
′|E because A
′ is a domain. It
follows w = w′. 
Corollary 13. In the assumptions and notations of the above corollary, suppose
that there exists an A-morphism v˜ : B → A′ with v˜ ≡ v modulo x2c+1. Then there
exists an unique A-morphism w˜ : C → A′ such that w˜ρ = v˜.
For the proof take w˜ = ρ∗−1(v˜), where ρ∗ is defined in the above corollary.
By a Grothendieck’s theorem [24, Theorem 2.5], C can be chosen of the form
(A[Z, V ]/(g))g′h, where Z = (Z1, . . . , Zs) and g
′ = ∂g/∂V .
Lemma 14. There exists a canonical bijection
A′s → {w′ ∈ HomA(C,A
′) : w′ ≡ w˜ modulo x2c+1}.
Proof. Let w′ ∈ HomA(C,A
′) be with w′ ≡ w˜ modulo x2c+1. We have
g(w′(Z), w˜(V )) ≡ g(w˜(Z), w˜(V )) = 0 modulo x2c+1,
g′(w′(Z), w˜(V )) ≡ g′(w˜(Z), w˜(V )) 6≡ 0 modulo x,
h(w′(Z), w˜(V )) ≡ h(w˜(Z), w˜(V )) 6≡ 0 modulo x.
Thus g(w′(Z), V ) = 0 has an unique solution (namely w′(V )) in w˜(V ) + x2c+1A′ by
the Implicit Function Theorem. It follows that the restriction
{w′ ∈ HomA(C,A
′) : w′ ≡ w˜ modulo x2c+1} →
{w′′ ∈ HomA(A[Z], A
′) : w′′ ≡ w˜|A[Z] modulo x
2c+1}
is bijective.
On the other hand, the map
{w′′ ∈ HomA(A[Z], A
′) : w′′ ≡ w˜|A[Z] modulo x
2c+1} → w˜(Z) + x2c+1A′s
given by w′′ → w′′(Z) is a bijection too. It follows that there exists a canonical
bijection between {w′ ∈ HomA(C,A
′) : w′ ≡ w˜ modulo x2c+1} and w˜(Z) + x2c+1A′s,
the last one being in bijection with A′s. 
Theorem 15. In the assumptions and notations of Corollary 12 there exists a
canonical bijection
A′s → {v′ ∈ HomA(B,A
′) : v′ ≡ v modulo x2c+1}
for some s ∈ N.
For the proof apply Corollary 12 and the above lemma.
Let k be a field and F a finite type k-algebra, let us say F = k[U ]/J , U =
(U1, . . . , Un). An arc Spec k[[x]] → SpecF (see [12]) is given by a k-morphism
F → A′ = k[[x]]. Assume that HF/k 6= 0 (this happens for example when F is
reduced and k is perfect). Set A = k[x](x), B = A⊗k F . Let f = (f1, . . . , fr), r ≤ n
be a system of polynomials from J and M a r × r-minor of the Jacobian matrix
(∂fi/∂Uj). Let c ∈ N. Assume that there exist an A-morphism g : F → A
′/(x2c+1)
and N ∈ ((f) : J) such that g(NM) 6∈ (x)c/(x2c+1). Note that A ⊗k − induces a
bijection Homk(F,A
′)→ HomA(B,A
′) by adjunction.
Corollary 16. The set {g′ ∈ Homk(F,A
′) : g′ ≡ g modulo x2c+1} is in bijection
with an affine space A′s over A′ for some s ∈ N.
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3. An application of General Neron Desingularization to an
extension of Bass-Quillen Conjecture
Let R[T ], T = (T1, . . . , Tn) be a polynomial algebra in T over a Noetherian ring R.
A finitely generated projective R[T ]-module M is extended from R if there exists a
finitely generated projective R-moduleM ′ such thatM ∼= R[T ]⊗RM
′. An extension
of Serre’s Problem proved by Quillen and Suslin is the following
Conjecture 17. (Bass-Quillen) If R is a regular ring then every finitely generated
projective module over R[T ] is extended from R.
If (R,m) is regular local ring then the above conjecture says that every finitely
generated projective module over R[T ] is free. For a possible proof it is enough to
consider only this case using the Quillen’s Patching Theorem [22, Theorem 1]. A
consequence of Theorem 2 is a partial answer to a question of Swan which was the
bases of the following theorem.
Theorem 18. (Popescu [19]) The Bass-Quillen Conjecture holds if R is a regular
local ring in one of the cases:
(1) R contains a field,
(2) the characteristic p of k is not in m2,
(3) R is excellent Henselian.
An interesting problem is to replace in the Bass-Quillen Conjecture the polynomial
algebra R[T ] by otherR-algebras. A useful result in this idea is the following theorem
which we found too late to use it in [19].
Theorem 19. (Vorst [25]) Let A be a ring, A[X ], X = (X1, . . . , Xr) a polynomial
algebra, I ⊂ A[X ] a monomial ideal and B = A[X ]/I. Then every finitely generated
projective B-module M is extended from a finitely generated projective A-module if
for all n ∈ N every finitely generated projective A[T ]-module, T = (T1, . . . , Tn) is
extended from a finitely generated projective A-module.
Using the above theorem and Corollary 18 we get the following theorem.
Theorem 20. Let R be a regular local ring in one of the cases of Theorem 18,
I ⊂ R[X ], X = (X1, . . . , Xr) be a monomial ideal and B = R[X ]/I. Then any
finitely generated projective B-module is free.
The Bass-Quillen Conjecture could also hold when R is not regular as shows the
following theorem.
Theorem 21. Let R be a regular local ring in one of the cases of Theorem 18,
I ⊂ R[X ], X = (X1, . . . , Xr) be a monomial ideal and A = R[X ]/I. Then every
finitely generated A[T ]-module, T = (T1, . . . , Tn) is free.
For the proof note that A[T ] is a factor of R[X, T ] by the monomial ideal IR[X, T ].
Remark 22. If I is not monomial above then the Bass-Quillen Conjecture may
fail for A. Indeed, if A = R[X1, X2]/(X
2
1 − X
3
2 ) then there exist finitely generated
projective A[T ]-modules of rank one which are not free (see [11, (5.10)]).
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